ABSTRACT. A paraboson analog of the one-dimensional boson field is discussed and a uniqueness result similar to a result of Putnam is obtained.
Introduction. Green first introduced the parafermion and paraboson field algebras in 1953 [2] . Much is known about the representation of the parafermion field operators but there has been little mathematical work concerning representations in the paraboson case due to the unbounded nature of the operators. No bounded relations corresponding to the Weyl relations for bosons have been found so the paraboson operators must be treated in unbounded form. In one dimension the paraboson relations reduce to the single relation C*C2 -C2C* = 2C, where C is a creation operator and its adjoint C* is an annihilation operator. This relation cannot be taken literally but must be given a suitable interpretation. We will prove a uniqueness result parallel to the ones proved by Putnam and Tillmann for bosons. As a corollary to the proof it will be shown that there are no bounded operators satisfying the paraboson relations. This is clear when the polar decomposition of C yields a self-adjoint operator with discrete spectrum, an assumption which is usually made but is not necessarily satisfied.
Uniqueness of the paraboson field. Let C be a closed, densely defined linear operator on a Hilbert space K satisfying (1) C*C = CC* + 7.
We will extend this result to the paraboson case but first we will need an analog of the one-dimensional free boson field.
Definition. A one-dimensional free paraboson field of order p > 0 is a pair {C, K], where K is a Hubert space with orthonormal basis {e-: / = 0, 1,2, . . . } and C is the closed, densely defined operator on K such that Ce¡ = 7/e,+, where ÍV/+ 1. / even, vf+P. /* odd.
Note that when p = 1, y¡ ■ y/j + 1 and this gives the free boson field, p can be any nonnegative number and, unlike the parafermion case, need not be an integer.
We are now able to state our main result.
Theorem. Let C be a closed, densely defined linear operator on a Hubert space K such that CC* and C*C commute, (2) C*C2 = C2C* + 2C, and either CC* + C*C has discrete spectrum or {C, K} is completely reducible. Then both of the latter two conditions hold and {C, K} is unitarily equivalent to a direct sum of free paraboson fields.
The relation (1) implies that CC* and C*C commute while (2) only implies that formally their commutator vanishes. We will need that the spectral projections of CC* and C*C commute (which can easily be checked in the case of the free paraboson field) so we are forced to assume the commutativity directly. It is not sufficient to assume that the commutator of CC* and C*C vanishes on a dense invariant domain. See, for example, [4, pp. 603-606] . In the boson case the complete reducibility is automatic while for parabosons it is not. This is because the operator n = Vi(CC* + C*C) which plays the part of the number operator may have continuous spectrum in the paraboson case when the representation is reducible.
The theorem will be proved in two parts. We first handle the discrete spectrum case and then show that when n has a partially continuous spectrum the representation is reducible.
Let « = VÁCC* + C*C). n is self-adjoint and nonnegative since CC* and C*C are nonnegative commuting self-adjoint operators. Let n = fXE(dX) be the spectral resolution of n. Define D = {wGK: E(A)w = w, for some bounded interval A}.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use D is dense in K and zz is essentially self-adjoint on D. Since CC* and C*C commute with zz, D is invariant under these operators. Thus D is a subset of the domains of C, C"=, CC*, C*C, C2C*, CC*C and C*CC*. (2) implies that D is also a subset of the domain of C*C2. From these domain conditions and (2) MGDsoMG Dom(Q n Dom(C*). Clearly CM CM. We will show that C*M C M. To see this let w G D. A similar argument applied to 5 = \/CC* yields (5) Dom(C*) = Dom(C*) n AT, © Dom(C*) n 7C2.
It is now a simple matter to prove the following four statements: (i) w G Dom(C) n K2 implies Cw G K2, (ii) w G Dom(C*) n K2 implies C*w G K2, (iii) w G Dom(C) n #, implies Cw G Kx, (iv) w G Dom(C*) n AT, implies C*w G Kx.
We will prove (ii) and (iii). \\y\\2 <kZ Wyfw2 <J5~L ¿f < IIA|l2lMi2v^. To see that (7) holds, let Aj be a bounded interval disjoint from A -1 and assume E(Ax)y = y, (C*w,y) = (w,Cy) = (E(A)w, E(AX + l)Cy> = 0. Therefore, C*w G (E((A -l)')^)1 so 7;(A -l)C*w = C*w.
Let q = inf o(n). Choose e, 0 < e < 1, such that E((q + e, q + 1)) ¥= 0. Let A = (q, q + e). Let M = {wGK: 2£=0£'(A + k)w = w for some m) C D. Let w G M Define wk = 7J(A + k)w so w = 2£I=0wfc. Cw = 2£=0CWfc and so CwGM. C*w = 2^=0C*wk and E(A + k-l)C*wk = C*wk. Since E(A -1) = 0, C*vf G M. Thus CM CM and C*Af Ç M. Let Tí, be the closure of 717, K2 = M1 and P = 2~_0/r(A + k) so that P projects on Kx and is a spectral projection of n. Since 7 = VG*C and S = \¡CC* commute with n.PTCTP and PS C SP so, as before, Corollary.
There are no bounded representations of Green's paraboson relations.
Proof. If C were any bounded creator from a representation of the paraboson relations, it would have to satisfy (2) . CC* and C*C commute since their commutator is formally zero and they are bounded. We may assume that 0 â d(n) since C and C* act trivially on £"({0}). Let M be an even integer greater than sup a(zz). By (6), CM = 0. Choose q G a(n) such that q > 0 and q -lA < inf a(zz) Since IICH2 m \\C*C\\ < 2||r|| < 2M,
where P(M) is some fixed positive function of M. Thus
We can now find a sequence, w-, with E(A)Wj = w¡, \\w¡\\ = 1 and «w--► qWj. We then have ||ü|| > Q but v, -* 0. This contradiction completes the proof of the corollary.
If 77 is a complex Hubert space, a quantum field over 77 is a collection {K, C, Y, v} where K is a complex Hubert space, C is a complex linear function from 77 into the closed densely defined operators on K, Y is a continuous representation of the unitary group of 77 on K and v is a vector in K which is cyclic for the algebra generated by the C(z) and C*(z) such that The order of the paraboson field can be any nonnegative number p. If p is an integer then the field can be obtained from the skew product of p free boson fields by Green's ansatz [3, p. 1157 ]. When p is not an integer the free paraboson field of order p cannot be obtained from boson fields. This gives the first example of a positive quantum field not derivable from boson or fermion fields for which the creation operators satisfy simple relations.
